For a complex (quasi-) projective variety X CP N with π 2 (X) = Z and an integer d ≥ 0, let Hol * d (S 2 , X) denote the space consisting of all basepoint preserving holomorphic maps f from S 2 to X with degree d. We study the topology of certain subspaces of Hol 
Remark. We say that a map f : X → Y is a homotopy equivalence (resp. homology equivalence) up to dimension N if the induced homomorphism f * : π i (X) → π i (Y ) (resp. f * : H i (X; Z) → H i (Y ; Z)) is bijective when i < N and is surjective when i = N .
In this paper, we shall investigate whether a similar result hold for certain subspaces of Hol * d (S 2 , X) introduced from the concept of multiplicity. 
We shall refer to α as a "configuration" of points, the point x i having multiplicity d i . We shall be concerned with a subspace SP 
In this situation, let Hol
Now we recall the following result. In this paper, we would like to generalize the above result for another wider complex projective varieties. For this purpose, let m, n ≥ 2 be integers and let X m ⊂ CP m−1 denote the quasi-projective variety defined by
where
It is known [5] that X m is simply connected and that π 2 (X m ) = Z. 
We denote by Hol
There is a filtration
Then our main result is stated as follows. 
So we obtain the stabilized version of the main theorem of [5] if n → ∞.
Next we shall indicate the following generalization of Theorem 1.3 to the case of certain quasi-projective varieties X I .
Let I be a fixed collections of subsets of {1, 2, . . ., m} such that card(Λ) ≥ 2 for any Λ ∈ I. We denote by X I ⊂ CP m−1 the quasi-projective variety defined
It is known [5] that X I is simply connected, π 2 (X I ) = Z, and that there is a fibration sequence
the wedge of type I given by
If we choose the point [1 : · · · : 1] ∈ X I as a base point of X I , we can identify Hol *
Then we denote by Hol
There is a filtration Since
when n > 2, the above theorem indicates that the main result of [13] can be improved. Moreover, although the proof given in [13] only works for the case X = CP m−1 , the proof given in this paper works for all X I (and CP m−1 , too).
So this permit us not only to sharpen the stability dimension, but also, more importantly, to obtain the stability result for wider quasi-projective varieties.
Our results may confirm this Morse theory principle for another varieties (e.g. various toric varieties cf. [8] ). The explanation for these type theorems is thought to be Morse theoretic in nature, i.e. the fact that the holomorphic maps form the set of absolute minima of the energy functional on (a fixed component of) the space of smooth maps. However, the existing proofs of these results are topological in nature (cf. [3] , [4] ).
This paper is organized as follows. In section 2, we shall recall the stabilized theorem using scanning method originally invented by G. Segal [11] . In section 3, we shall give the proof of Theorem 1.3. To prove this we shall show Theorem 3.3, which is the key of this paper. In section 4, we shall indicate how the proof of Theorem 3.3 can be generalized and give the proof of Theorem 1.4. Finally, in section 5, we shall study the stability of
n (C k ) using the geometric resolution ( [12] ) and we shall give the proof of Theorem 5.1, which will be used in the proof of Theorem 3.3.
§2. Stabilized Spaces
In this section, we recall the scanning map and its basic properties. Because this was now well explained in several papers (cf. [5] , [6] , [7] , [8] , [10] , [11] ), we only sketch the rough idea.
Let I be a collection of subsets of {1, 2, . . ., m} such that card(Λ) ≥ 2 for any Λ ∈ I. For a connected space X, let E I,n d (X) denote the space defined by E
Remark that E
subspace, we define the relative configuration space E
d+1 (C) denote the stabilization map given by adding a point from the edge in a usual way (see [5] , [6] , [8] , [11] ), and let lim 
equivalence when n ≥ 3 and a homology equivalence when n = 2.
Proof. This is similar to the proof in section 3 of [11] (cf. [7] ). 
Lemma 2.1. There is a homotopy equivalence E
The proof of Theorem 3.1 is postponed to the last section and we prove the following result.
Theorem 3.2.
If m, n ≥ 2, Let z 1 , . . ., z m ∈ {w ∈ C : 1 < |w| < 2} be any fixed points such that
Before giving the proof of Theorem 3.3, we complete the proof of Theorem 3.2. (up to homotopy) . Hence the assertion easily follows from Theorem 3.3. 
Proof of Theorem 3.2. If we may identify Hol
n d (S 2 , X m ) = E n d (C), we have s d = j 1 • j 2 • · · · • j m
Definition. We say that a map
. We shall use the letter L to denote its restriction to any (closed or open) subspace. In this case, we also consider the commutative diagram
If vertical maps were fibrations, we could prove the assertion in a similar way as above. However, they are fibrations only over certain subspaces as we shall now explain. (c) p j (z) has at least k j distinct roots for each 1 ≤ j ≤ m.
and we obtain the homotopy commutative diagram
. ., k}, and vertical sequences are fibrations.
Since
is also a homotopy equivalence up to dimension N (d 1 , n) . Now we remark the following:
We postpone the poof of ( † k ) and complete the proof of 3.3. If ( † k ) is true, then N (d 1 , n) . This completes the proof of Theorem 3.3. d 2 ,...,d m  d 1 ,d 2 ,... ,d m , the assertion is clearly true. As a next step, we assume that ( † l ) holds for any l > k and we shall prove that ( † k ) is true. We remark that for any 2 ≤ j ≤ m the following statement holds:
Proof of ( †
Proof of ( ‡ j ): We can prove ( ‡ j ) easily by induction on j. In fact, if j = 1, ( ‡ j ) holds, because ( † l ) is true when l > k. Now assume ( ‡ j−1 ) is true and we shall show that ( ‡ j ) is true. Since E
, using the Mayer-Vietoris exact sequence and 5-lemma, we can prove the assertion ( ‡ j ) easily.
It follows from ( ‡ m ) that j 1 :
is a homology equivalence up to dimension N (d 1 , n) .
is an open subspace, the space
is an open complex manifold of dimension d. Hence it follows from Poincaré duality that there is a commutative diagram
. Hence, the induced homomorphism
is also a homotopy equivalence up to dimension N (d 1 , n) , the induced homomorphism
Consider the cohomology exact sequence with compact supports of the pair
, it follows from 5-lemma that we see that (as in [11] ) j 1 * :
) is bijective when j > 2d−N (d 1 , n) and surjective when j = 2d − N (d 1 , n) . Then using Poincaré duality isomorphism,
and surjective when i = N (d 1 , n) . n) and this completes the proof of ( † k ).
§4. Generalizations
Let I be a collections of subsets of {1, 2, . . ., m} such that card(Λ) ≥ 2 for any Λ ∈ I. We denote by E Proof of Theorem 4.1. If n = 2, the above theorem easily follows from [ [11] ;appendix] as in the proof of Theorem 3.3. So we consider the case n ≥ 3. 
Proof. It suffices to show the case k = 1. The proof is similar to that of Theorem 3.3 and we shall sketch the main idea here.
Since 
If we consider the projection π : Similarly, let X N (d 1 , n) .
As in the proof of Theorem 3.3 we can use the Mayer-Vietoris exact sequence, 5-lemma, Poincaré duality and this to prove, by downwards induction on k, that the following statement holds:
is acyclic up to dimension N (d 1 , n) .
The statement of the theorem is given by ( † 1 ). §5. Proof of Theorem 3.1
We need the following result. 
